2. PROOF OF THEOREM 2
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Recall that the Z/2-basis of H*(L(k)) embedded in H*(x RP ) is {0(z;"
a )| 0 € A— ASqt}. We are going to compute 0(x;" -+ -z, t) for 6 €
A—AS¢'. Let ¢; >0, ¢; > gcj +1, =%t i+ 1, I = (ag, a1, , 1),
j<i

and Sq¢! = SgZ=citl.. St For 1 < s < k, let I®) = (ay, oy, -+, ).
Denote the length of I by I(I). Note that I and I*) are admissible. Hence
Sq' may represent § € A — ASq' with length .

Lemma 2.1 Let 7, > —1, for ¢ = 1--- k, and at least one +, is nonzero.
Let I(I) < k, and A = {v, = —1}. If |[A] < I(I) and ZF 7y, < ay,
Sql(z]*---z*) = 0.

Proof. Use induction on I[(I). For [(I) = 1, use induction on k. For
k=1, < ay, S¢(x]') = 0. For k > 1, assume the hypothesis true for
k — 1. Without loss of generality, we assume 7, > 0.

Sq (1" - - ay)

= B508¢ (27)Sq T (2] - apy)

S () g

Since Y8 v, < a1, Silam < e =y < o — j. Thus Sg (2] - -
2,57") = 0 for 0 < j < ~,. Hence Sq® (a]*++ -a)*) = 0.

Assume the hypothesis true for () =t —1 < k. Let [(I) =t < k.

SURCHENENY

— qu<2> Sq(a]t -+ a)*)

— 1@ T

For each collection {v,’,---v,’}, let A'= {,’= —1}. |[AN] < |A] <t -1,
and XF_ .= S 4.+ a; < 204 < ay, thus S¢ (2]* - 2]*) = 0 for each
collection {7,’,---7,’}. Hence S¢'® (2] ---2*)=0. M

This tells us that to compute S¢’(x7" -+ -z} ') it suffices to consider those
special terms which have enough number of terms of value —1 that appear
in the power. According to the Cartan formula, these special terms are
symmetric. For example, let £ = 2.

Sq'Sq/ (w1 23 ")

= Sq' (%S¢’ ! (27')5q (23 ))

=S¢ (Z]_gr} " T'ah ) o

= Sqi(a] P agt + ot 2T ),
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Here Sqf(Z{:_ll 227 bty = 0, hence it only need to consider Sqf(x] !

_ 1 j-1 1 151 :
vyt + a7 el where 225! and 27 27 are symmetric.

Theorem 2. S¢’(z7"---2;") = £ IE, X7 where X; = h(i,4), h(l,t) =
k

oes

h(l —1,t)(h(l = 1,1 = 1) + h(l — 1,1)), h(1,t) = o), and v(i) = S e, —
SEIST ok

Proof. Fori=1---k — 1, let A; be the cyclic subgroup of Sy generated
by (1,2,--- ,k—i+1)}. Let I ={oc € Sy | 0 =v1---v;, where v; € A; for
each j}.

Let f(a,8) = Syc + S04 1jis — S s, and g(7) = S0 e +
Zi-c:k,'erz]’i,k—y_H — Ef:_f Jk—~+1,- By the Cartan formula, we have

Sq'(wy - xyt)

= Sq'V Sq (- xy )

= qum Zyiosqal_j(xfl ) Se ()

= "S5t Sq T ()l

(2) — — c
=S¢’ ag}\lx"(ll) = -xg(lkfl)xal(k) (by lemma 2.1)

. 13) e c1 c1+72:1 asjat(—1 .. .1
a U1§A15q EszZO (j2,1)x01(k) Sq (Igl(l) xal(k_l))
o c1 c1 73 M R $2_ ci—j2 _citje
- 01§A12j2’1:0 (jzl)sq (Ug\zxola(l) :Bo'lo'(kfl) o10(k) )
(by lemma 2.1)
e 1 JON N e v e R RO R

ngzjz,FO (jm)sq ('Ta(l) Lot=1) Lok )
= X

o€l

C1 Cl+j2 2zzzlci_j2 . f(til’]-) f(t7172) .. f(t717t72)
Ej2,1=02j3,1=02j)3,2=0 Ejt71,1=02jt71,2=0 th71,t72=0
Ha:Z B:l( Jou8 )

I®) -1 —1
Sq (xa(l) © Lo (k—t+1)

EE;%Q*EZ%]‘FM . 2?:11011_Elejs-&-l,i+2§;;+2j1’,s+1 . 01+E§;%ji_’1)
Lo (k—t+2) o(k—s) Lo (k)
= X

o€l

F(21) 52f(31) §2f(3,2)
ZJ'2(,1=02)]j3,1(=02J§,2=0 ( )

Ft—1,1) wf(t-1,2 Ft—1,4-2
Ejt—l,lzozjt—1,2:0 U 2jt—l,t—2:0 U

f(k,1) s f(k,2) f(kk—=1) 11k a VICHA o 1 g(v)
Ejk,lzozjk,ZZO ij,k-lZOHCY:?HB:l( Ja.B )H’Yzlxa('y)



Note that ¢ is exactly the permutation of k different numbers, thus we

have
pM

oc€Sy,

F(2,1) 52 f(3,1) f(3,2)
ZJ'2,1=02]3,1=02j3,2=0 T
Ef(t_Ll) Ef(t_LQ) Ef(t_lvt_2)

V(T Y ™)
k,1 k,2 k,k—1 k a f(oz,ﬁ) k ag(y
Ejk,lzozjk,ZZO T ij,k-lZOHCY:?HB:l( Ja.B )H’Yzlxa('y)
= X

o€S},
Ef(Q’l) Zf(gvl) Ef(?’vz) ..

J2,1=0"7j3,1=0"53 2=0
Zf(t_lvl) Ef(t_172) Ef(t_17t_2)

Jt—1,1=0"jt—1,2=0 Jt—1,t6—2=0
s S AL ()
xf%)lcj—zﬁ;f%:lck I (20 o) (20(s) + Togp)) B+
= X

sES
A S e S A R
S S R 002)
I, X0

T8, 1 (Xo) (h(i, 5) + Xo))f & HEETHD

= S I,x7Y m

€Sk

For k = 3, we immediately have
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Corollary 2. The generator of H*(L(3)) embedded in H*(xRP )
is X 200 (To@) (o) + To@))? (@55 (@) + To@)? + To@To3) (Toq) +

og€ESs3
To2))(To(1) + To(3)))?, for ¢1 > ¢ 4+ c3 and ¢ > c3 > 0.



