
3. PROOF OF THEOREM 3

Denote ( 1 2 3) =
3

1 3

(1) ( (2)( (1) + (2))) 2( 2
(3)( (1) + (3))

2

+ (2) (3)( (1)+ (2))( (1)+ (3))) 3. Before showing e ( (3)) is free -
module, for the conveniency, we compute ( 2

(3)( (1)+ (3))
2+ (2) (3)( (1)+

(2))( (1) + (3))) first.

Lemma 3.1 0(
2
(3)( (1) + (3))

2 + (2) (3)( (1) + (2))( (1) +

(3))) = 0, 1(
2
(3)( (1)+ (3))

2+ (2) (3)( (1)+ (2))( (1)+ (3))) =

(1) (2)( (1) + (2))( (2) (3)( (1) + (2))( (1) + (3)) +
2
(3) ( (1) +

(3))
2).

Proof. 0(
2
(3)( (1) + (3))

2 + (2) (3)( (1) + (2))( (1) + (3)))

= 0( (2) (3)( (1) + (2))( (1) + (3)))
= (2) (3)( (1) + (2))( (1) + (3))( (2) + (3) + ( (1) + (2)) +

( (1) + (3)))
= 0.
1(

2
(3)( (1) + (3))

2 + (2) (3)( (1) + (2))( (1) + (3)))

= 1( (2) (3)( (1) + (2))( (1) + (3)))
= (2) (3)( (1) + (2))( (1) + (3))(

3
(2) +

3
(3) + ( (1) + (2))

3 +

( (1) + (3))
3)

= (2) (3)( (1) + (2))( (1) + (3))( (1) (2)( (1) + (2)) + (1)

(3)( (1) + (3)))
= (1) (2)( (1) + (2))( (2) (3)( (1) + (2))( (1) + (3)) +

2
(3)

( (1) + (3))
2). ¥

As the case in (2), we can compute the -module structure of e ( (3))
directly. Here we give an example to show how easy it is to compute the
action.

Example. 1( (2 2 +1 2 ))
=

3
1(

2 2
(1) ( (2)( (1) + (2)))

2 +1( 2
(3)( (1) + (3))

2 + (2) (3)

( (1) + (2))( (1) + (3)))
2 )

=
3

( 2 2
(1)

2
(2)( (1)+ (2))

2
1( (2)( (1)+ (2)))(

2
(3) ( (1)+ (3))

2+

(2) (3)( (1) + (2))( (1) + (3)))
2

=
3

( 2 2
(1) ( (2)( (1)+ (2)))

2
(2)( (1)+ (2))(

3
(2) +( (1)+ (2))

3)( 2
(3)

( (1) + (3))
2 + (2) (3)( (1) + (2))( (1) + (3)))

2 )

7



=
3

( 2 2
(1) ( (2)( (1)+ (2)))

2 +1( 3
(1)+ (1) (2)( (1)+ (2)))(

2
(3)

( (1) + (3))
2 + (2) (3)( (1) + (2))( (1) + (3)))

2 )
= (2 +3 2 +1 2 ) + (2 +1 2 +2 2 ).
Using these tools for computing, we have the following result.

Theorem 3. e ( (3)) is the free -module.

Proof. As in theorem 1, we show that the class = { (2 2 +1 2 )|2
2 +2 +1 2 +1 2 0} { (2 2 2 +1)|2 2 +2 +1 2 2 +1 0}is
an -basis. It su ce to show each ( ) is generated uniquely. Since

0( (2 2 +1 2 )) = (2 +1 2 +1 2 ),
1( (2 2 +1 2 )) = (2 +3 2 +1 2 ) + (2 +1 2 +2 2 ),
0 1( (2 2 +1 2 )) = (2 +2 2 +2 2 ),
0( (2 2 +1 2 )) = (2 +1 2 2 +1),
1( (2 2 +1 2 )) = (2 +3 2 2 +1) + (2 +1 2 +1 2 +1),
0 1( (2 2 2 +1)) = (2 +2 2 +1 2 +1), we see that each ( ) is generated

uniquely. ¥

Corollary 3.1 (3) ' ( 2 ) ( 2) where =
2 +4 +6 +2 for 2 2 +2 +1 and 2 +1 2 0, and = 2 ’+4 ’+6 ’+3
for 2 ’ 2 ’+2 ’+1 and 2 ’ 2 ’+1 0.

Proof. Let be the -basis of e ( (3)) and : (3) dim( ) 2
represent . Construct the map as follow:

: (3)
1

(( 2) ( 2))

( 2) ( 2)

where : 2 2 is the map constructed as that in Corollary 1.

By the same argument as the proof of corollary 1, is an equivalence.
¥

Since (3) = (3) (2), by the above corollary and the corollary 1, we
have
Corollary 3.2 (3) ' ( 2 ) ( 2) ( 2)

where = 2 + 4 + 6 + 2 for 2 2 + 2 + 1 and 2 + 1 2 0, =
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2 ’+4 ’+6 ’+3 for 2 ’ 2 ’+2 ’+1 and 2 ’ 2 ’+1 0, and = 2 "+4 "+2
for 2 " 2 "+1 0.
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